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4. Trigonometric Substitution

Guidelines for Trigonometric Substitutions

Integrals involving
√
𝑎2 − 𝑥2, (𝑎2 − 𝑥2)𝑛

For Integrals involving
√
𝑎2 − 𝑥2, (𝑎2 − 𝑥2)𝑛, where 𝑎 is a positive constant. Then use the

substitution; 𝑥 = 𝑎 sin 𝜃 where −𝜋/2 ≤ 𝜃 ≤ 𝜋/2, then 𝑑𝑥 = 𝑎 cos 𝜃 𝑑𝜃, and

√
𝑎2 − 𝑥2 =

√
𝑎2 − 𝑎2 sin2 𝜃 =

√
𝑎2(1 − sin2 𝜃) =

√
𝑎2 cos2 𝜃 = 𝑎 cos 𝜃,

because, cos 𝜃 ⩾ 0
?

for −𝜋/2 ⩽ 𝜃 ⩽ 𝜋/2.

θ

x

√
a2 − x2

a
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Guidelines for Trigonometric Substitutions

Integrals involving
√
𝑎2 + 𝑥2, (𝑎2 + 𝑥2)𝑛

For Integrals involving
√
𝑎2 + 𝑥2, (𝑎2 + 𝑥2)𝑛, where 𝑎 is a positive constant. Then use the

substitution; 𝑥 = 𝑎 tan 𝜃 where −𝜋/2 < 𝜃 < 𝜋/2, then 𝑑𝑥 = 𝑎 sec2 𝜃 𝑑𝜃, and√
𝑎2 + 𝑥2 =

√
𝑎2 + 𝑎2 tan2 𝜃 =

√
𝑎2(1 + tan2 𝜃) =

√
𝑎2 sec2 𝜃 = 𝑎 sec 𝜃,

because, sec 𝜃 ⩾ 0
?

for −𝜋/2 < 𝜃 < 𝜋/2.

θ

x

a

√ a
2 +

x
2
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Guidelines for Trigonometric Substitutions

Integrals involving
√
𝑥2 − 𝑎2, (𝑥2 − 𝑎2)𝑛

For Integrals involving
√
𝑥2 − 𝑎2, (𝑥2 − 𝑎2)𝑛, where 𝑎 is a positive constant. Then use the

substitution; 𝑥 = 𝑎 sec 𝜃 where 0 ≤ 𝜃 < 𝜋/2, 𝜋 ≤ 𝜃 < 3𝜋/2 then 𝑑𝑥 = 𝑎 sec 𝜃 tan 𝜃 𝑑𝜃, and

√
𝑥2 − 𝑎2 =

√
𝑎2 sec2 𝜃 − 𝑎2 =

√
𝑎2(sec2 𝜃 − 1) =

√
𝑎2 tan2 𝜃 = 𝑎 tan 𝜃

because, tan 𝜃 ⩾ 0 for 0 ⩽ 𝜃 <
𝜋

2
or 𝜋 ⩽ 𝜃 <

3𝜋

2
.
?

θ

√
x2 − a2

a

x
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Example 1. Find

∫ √
9− 𝑥2

𝑥2
𝑑𝑥.

Solution:

let 𝑥 = 3 sin 𝜃 then 𝑑𝑥 = 3 cos 𝜃𝑑𝜃 sin 𝜃 =
𝑥

3√
9− 𝑥2 =

√
9− 9 sin2 𝜃 = 3 cos 𝜃. 𝑥2 = 9 sin2 𝜃∫ √

9− 𝑥2

𝑥2
𝑑𝑥 =

∫
3 cos 𝜃

9 sin2 𝜃
⋅ 3 cos 𝜃𝑑𝜃

=

∫
cos2 𝜃

sin2 𝜃
𝑑𝜃

cos2 𝜃

sin2 𝜃
= cot2 𝜃.

=

∫
cot2 𝜃 𝑑𝜃 cot2 𝜃 = csc2 𝜃 − 1.

=

∫
(csc2 𝜃 − 1) 𝑑𝜃

= − cot 𝜃 − 𝜃 + 𝐶 use sin 𝜃 =
𝑥

3
=

opposite

hypotenuse
,

= −
√
9− 𝑥2

𝑥
− sin−1

(𝑥

3

)
+ 𝐶.

θ

x

√
9 − x2

3

□
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Example 2. Find the area enclosed by the ellipse
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1.

Solution: Solving the equation for 𝑦 we get
𝑦2

𝑏2
= 1 − 𝑥2

𝑎2
=

𝑎2 − 𝑥2

𝑎2
and hence 𝑦2 =

𝑏2

𝑎2
(𝑎2 − 𝑥2) Then 𝑦 = ± 𝑏

𝑎

√
𝑎2 − 𝑥2. Since the ellipse is symmetric with respect to both

axes, then the area 𝐴 is four times the area in the first quadrant. The part of the ellipse in

the first quadrant is given by 𝑦 =
𝑏

𝑎

√
𝑎2 − 𝑥2, 0 ≤ 𝑥 ≤ 𝑎. Hence 𝐴 = 4

∫ 𝑎

0

𝑏

𝑎

√
𝑎2 − 𝑥2, 𝑑𝑥.

�

�
(𝑎, 0)

(0, 𝑏)

𝑥

𝑦
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let 𝑥 = 𝑎 sin 𝜃 then 𝑑𝑥 = 𝑎 cos 𝜃𝑑𝜃 sin 𝜃 =
𝑥

𝑎√
𝑎2 − 𝑥2 =

√
𝑎2 − 𝑎2 sin2 𝜃 = 𝑎 cos 𝜃.

𝑥 = 0, sin 𝜃 = 0 ⇒ 𝜃 = 0𝑥 = 𝑎 ⇒ sin 𝜃 = 1 ⇒ 𝜃 =
𝜋

2

𝐴 = 4

∫ 𝑎

0

𝑏

𝑎

√
𝑎2 − 𝑥2 𝑑𝑥

= 4
𝑏

𝑎

∫ 𝜋
2

0

𝑎 cos 𝜃𝑎 cos 𝜃 𝑑𝜃

= 4𝑎𝑏

∫ 𝜋
2

0

cos2 𝜃 𝑑𝜃 cos2 𝜃 =
1+ cos (2𝜃)

2
.

= 4𝑎𝑏

∫ 𝜋
2

0

1 + cos (2𝜃)

2
𝑑𝜃

= 2𝑎𝑏

[
𝜃 +

1

2
sin (2𝜃)

]𝜋
2

0

use sin (𝑛𝜋) = 0, 𝑛 ∈ ℤ

= 2𝑎𝑏
[𝜋

2
+ 0 − 0

]
= 𝑎𝑏𝜋.

□
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Example 3. Find

∫
1

𝑥2
√
4 + 𝑥2

𝑑𝑥.

Solution:

Let 𝑥 = 2 tan 𝜃 then 𝑑𝑥 = 2 sec2 𝜃𝑑𝜃 tan 𝜃 =
𝑥

2√
4 + 𝑥2 =

√
4 + 4 tan2 𝜃 = 2 sec 𝜃. 𝑥2 = 4 tan2 𝜃∫

1

𝑥2
√
4 + 𝑥2

𝑑𝑥 =

∫
2 sec 𝜃

4 tan2 𝜃 ⋅ 2 sec 𝜃 𝑑𝜃

=
1

4

∫
sec 𝜃

tan2 𝜃
𝑑𝜃

sec 𝜃

tan2 𝜃
=

1

cos 𝜃

cos2 𝜃

sin2 𝜃
.

=
1

4

∫
cos 𝜃

sin2 𝜃
𝑑𝜃 use 𝑢 = sin 𝜃 𝑑𝑢 = cos 𝜃 𝑑𝜃.

=
1

4

∫
1

𝑢2
𝑑𝑢

= −1

4

1

𝑢
+ 𝐶

= − 1

sin 𝜃
+ 𝐶

=
− csc 𝜃

4
+ 𝐶

= −
√
𝑥2 + 4

4𝑥
+ 𝐶

θ

x

2

√ 4 +
x
2

□
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Trigonometric Substitution c⃝Hamed Al-Sulami 9/14

Example 4. Find

∫
𝑥√

4 + 𝑥2
𝑑𝑥.

Solution:∫
𝑥√

4 + 𝑥2
𝑑𝑥 =

∫
(4 + 𝑥2)−1/2 𝑥𝑑𝑥

=
1

2

∫
(4 + 𝑥2)−1/2 2𝑥𝑑𝑥 use

∫
[𝑓(𝑥)]𝑛 𝑓 ′(𝑥)𝑑𝑥 =

[𝑓(𝑥)]𝑛+1

𝑛+ 1
+ 𝐶.

=
1

2
2(4 + 𝑥2)1/2 + 𝐶

=
√

4 + 𝑥2 + 𝐶

□
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Example 5. Evaluate

∫
1√

𝑥2 − 𝑎2
𝑑𝑥, where 𝑎 > 0.

Solution:

Let 𝑥 = 𝑎 sec 𝜃 then

𝑑𝑥 = 𝑎 sec 𝜃 tan 𝜃𝑑𝜃 sec 𝜃 =
𝑥

𝑎√
𝑥2 − 𝑎2 =

√
𝑎2 sec2 𝜃 − 𝑎2

=
√
𝑎2(sec2 𝜃 − 1) = 𝑎 tan 𝜃.∫

1√
𝑥2 − 𝑎2

𝑑𝑥 =

∫
𝑎 sec 𝜃 tan 𝜃

𝑎 tan 𝜃
𝑑𝜃

=

∫
sec 𝜃 𝑑𝜃

= ln ∣ sec 𝜃 + tan 𝜃∣ + 𝐶 use sec 𝜃 =
hypotenuse

adjacent
.

= ln ∣𝑥
𝑎

+

√
𝑥2 − 𝑎2

𝑎
∣ + 𝐶1

= ln ∣𝑥 +
√
𝑥2 − 𝑎2∣ − ln 𝑎 + 𝐶1let 𝐶 = − ln𝑎+ 𝐶1.

= ln ∣𝑥 +
√
𝑥2 − 𝑎2∣ + 𝐶

θ

√
x2 − a2

a

x

□
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Example 6. Evaluate

3
√
3/2∫

0

𝑥3

(4𝑥2 + 9)3/2
𝑑𝑥.

Solution: Note that (4𝑥2 + 9)3/2 = (
√

4𝑥2 + 9)3 = (
√

(2𝑥)2 + 32)3.

Let 2𝑥 = 3 tan 𝜃 then 𝑥 =
3

2
tan 𝜃

𝑑𝑥 =
3

2
sec2 𝜃𝑑𝜃 tan 𝜃 =

2𝑥

3√
4𝑥2 + 9 =

√
9 tan2 𝜃 + 9

=
√

9(tan2 𝜃 + 1) = 3 sec 𝜃.

𝑥 = 0 ⇒ tan 𝜃 = 0 ⇒ 𝜃 = 0

𝑥 = 3
√

3/2 ⇒ tan 𝜃 =
√

3 ⇒ 𝜃 = 𝜋/3
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∫ 3
√

3/2

0

𝑥3

(4𝑥2 + 9)3/2
𝑑𝑥 =

∫ 27
8
tan3 𝜃

27 sec3 𝜃

3

2
sec2 𝜃𝑑𝜃 use

27
8
tan3 𝜃

27 sec3 𝜃

3

2
sec2 𝜃 =

3

16

tan3 𝜃

sec 𝜃
.

=

∫ 3
√

3/2

0

3

16

tan3 𝜃

sec 𝜃
𝑑𝜃

tan3 𝜃

sec 𝜃
=

sin3 𝜃

cos2 𝜃
.

=
3

16

∫ 3
√

3/2

0

sin2 𝜃

cos2 𝜃
sin 𝜃 𝑑𝜃 let 𝑢 = cos 𝜃 𝑑𝑢 = − sin 𝜃 𝑑𝜃.

=
3

16

∫ 3
√

3/2

0

1− cos2 𝜃

cos2 𝜃
sin 𝜃𝑑𝜃 if 𝜃 = 0𝑢 = 1.

if 𝜃 = 𝜋/3 𝑢 =
1

2

=
3

16

∫ 1/2

1

1− 𝑢2

𝑢2
(−𝑑𝑢)

=
−3

16

∫ 1/2

1

[1− 1

𝑢2
] 𝑑𝑢

∫ 𝑎

𝑏
𝑓(𝑥) 𝑑𝑥 = −

∫ 𝑏

𝑎
𝑓(𝑥) 𝑑𝑥.

=
3

16

∫ 1

1/2

[1− 1

𝑢2
] 𝑑𝑢

=
3

16

[
𝑢+

1

𝑢

]1
1/2

=
3

32

□
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Integrals involve 𝑎𝑥2 + 𝑏𝑥+ 𝑐

Complete the square

Example 7. Evaluate

∫
𝑥√

3− 2𝑥− 𝑥2
𝑑𝑥.

Solution: We complete the square 3− 2𝑥− 𝑥2 = 3− [𝑥2 + 2𝑥+ 1−1] = 4− (𝑥+ 1)2.

Let 𝑥+ 1 = 2 sin 𝜃 then 𝑥 = 2 sin 𝜃 − 1

sin 𝜃 =
𝑥+ 1

2
𝑑𝑥 = 2 cos 𝜃

√
3− 2𝑥− 𝑥2 =

√
4− (𝑥+ 1)2

=
√
4− 4 sin2 𝜃 = 2 cos 𝜃.

    ▲ ◀ ▶ ▼   ■
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∫
𝑥√

3− 2𝑥− 𝑥2
𝑑𝑥 =

∫
𝑥√

4− (𝑥+ 1)2
𝑑𝑥

=

∫
2 sin 𝜃 − 1

2 cos 𝜃
2 cos 𝜃 𝑑𝜃

=

∫
[2 sin 𝜃 − 1] 𝑑𝜃

= −2 cos 𝜃 − 𝜃 + 𝐶 use sin 𝜃 =
opposite

hypotenuse
.

= −2
√
4− (𝑥+ 1)2

2
− sin−1

(
𝑥+ 1

2

)
+ 𝐶

= −
√
3− 2𝑥− 𝑥2 − sin−1

(
𝑥+ 1

2

)
+ 𝐶.

□

    ▲ ◀ ▶ ▼   ■
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